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Laboratoire SDAD, Département de Math́ematiques, Universit́e de Caen, 14000 Caen, France
E-mail: picantin@math.unicaen.fr
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Abstract. Birman, Ko & Lee have introduced a new monoidB∗n—with an explicit presentation—
whose group of fractions is then-strand braid groupBn. Building on a new approach
by Digne, Michel and himself, Bessis has defined adualbraid monoid for every finite Cox-
eter type Artin-Tits group extending the type A case. Here, we give an explicit presentation
for this dual braid monoid in the case of types B and D, and we study the combinatorics of
the underlying Garside structures.c© 2001 Acad́emie des sciences/Éditions scientifiques et
médicales Elsevier SAS

Présentations pour les monoı̈des de tresses duaux

Résum é. Birman, Ko et Lee ont introduit un nouveau monoı̈deB∗n—avec une pŕesentation explicite—
dont le groupe de fractions est le groupeBn des tresses̀a n brins. Suivant une nouvelle
approche propośee avec Digne et Michel, Bessis a défini un monöıde de tressesdualpour
tout groupe d’Artin-Tits de type de Coxeter fini géńeralisant le cas du type A. Ici, nous don-
nons une pŕesentation explicite de ce monoı̈de de tresses dual pour les groupes d’Artin-Tits
de type B et D, et nouśetudions la combinatoire des structures de Garside sous-jacentes.
c© 2001 Acad́emie des sciences/Éditions scientifiques et ḿedicales Elsevier SAS

Version franc¸aise abr égée

Birman, Ko & Lee introduisent dans [2] un nouveau monoı̈de pour les groupes de tresses (de type A) avec
une pŕesentation explicite. La question de possibles géńeralisations se pose naturellement. Une bonne notion
pour l’étude de ces nouveaux monoı̈des de tresses (mais aussi de monoı̈des pour les groupes de tresses
des groupes de réflexions complexes, pour les groupes d’entrelacs, etc) est celle de monoı̈de de Garside,
introduite par Dehornoy & Paris dans [12] et exploitée dans [3, 4, 7, 9, 10, 13, 16, 17, 18] :M est unmonöıde
de Garsidesi M est un monöıde simplifiable, admet des ppcm̀a droite età gauche et admet uńelément
de Garsidedéfini comme unélément dont les diviseurs̀a droite età gauche cöıncident, engendrentM
et sont en nombre fini. Les diviseurs de l’élément de Garside minimal sont appelés leséléments simples
deM ; muni des oṕerations ppcm et pgcd, l’ensemble deséléments simples est un treillis fini. Les monoı̈des
de Garside se plongent dans leurs groupes de fractions, ont de bonnes formes normales, des structures
automatiques explicites, etc. Le critère donńe dans [10] permet de décider si une pŕesentation de monoı̈de
est celle d’un monöıde de Garside : il consiste en la vérification de conditions decompĺetudeet decubeet
de l’existence d’uńelément de Garside.
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Dans une pŕesentation (de monoı̈de), siw1, . . . , wp sont des mots, nousécrivons[w1, . . . , wp] pour la famille
de relationsw1w2 = w2w3 = . . . = wp−1wp = wpw1 (compatible avec le symbole du commutateur dans une
présentation de groupe).

Le principal ŕesultat de [2] peut s’énoncer comme suit : le sous-monoı̈deB∗(An−1) du groupe de tresses
d’Artin-Tits B(An−1) engendŕe par les tressesats = (σt−1 · · ·σs+1)σs(σt−1 · · ·σs+1)−1 pourn ≥ t >
s ≥ 1 (où lesσi sont les ǵeńerateurs du monoı̈de classiqueB+(An−1)) admet la pŕesentation (1) : c’est un
monöıde de Garside, dont le nombre de simples est len-ième nombre de Catalan (voir la table 1).

Suivant une nouvelle approche proposée avec Digne & Michel dans [4], en géńeralisant le cas du type A,
Bessis d́efinit dans [3] un monöıde de tressesdual B∗(T ) pour tout groupe d’Artin-TitsB(T ) de type de
Coxeter fini T, comméetantle monöıde de Garside dont le treillis des simples est le treillis de≺-divisibilit é
d’un élément de Coxeter du groupe de Coxeter associé, òu ≺ est d́efinie relativement̀a la longueur en
réflexions (une preuve combinatoire de la propriét́e de treillis pour le type D a depuisét́e d́etaillée dans [5]).

Nous montrons dans cette note que le monoı̈de de tresses dualB∗(Bn) admet la pŕesentation (4), tandis
que le monöıde de tresses dualB∗(Dn) admet la pŕesentation (7). Les preuves consistentà montrer que le
sous-monöıde du groupeB(Bn) (resp.B(Dn)) engendŕe par les ǵeńerateurs d́efinis par (3) (resp. par (6))
admet la pŕesentation (4) (resp. (7)) en utilisant les diagrammes de tresses des figures 1 et 2 (resp. 3 et 4), et
que cette pŕesentation est celle d’un monoı̈de de Garside, dont l’élément de Garside minimal a pour image
un élément de Coxeter dans le groupe de Coxeter associé.

Une approche analoguèa celle de Birman, Ko & Lee [2] permet de montrer que leséléments simples
deB∗(Bn) et B∗(Dn) sont en bijection avec les partitions non-croisées correspondantes que Reiner définit
dans [20]. La table 1 donne le nombre d’éléments simples pour les monoı̈des de tresses duaux, rassem-
blant les ŕesultats th́eoriques pour les types A, B, D, I2 et des ŕesultats obtenus par le calcul—utilisant le
progiciel CHEVIE de GAP [21]—pour les types exceptionnels (le résultat du calcul pour E8 apparâıt déjà
dans [3]).

1. Introduction

Birman, Ko & Lee introduced in [2] an alternative monoid for braid groups (of type A) together with an
explicit presentation of this monoid. The question of possible generalizations arises naturally. A good
notion for studying such new braid monoids (but also monoids for braid groups of complex reflection
groups, for link groups, etc) is that of a Garside monoid, introduced by Dehornoy & Paris in [12] and
further studied in [3, 4, 7, 9, 10, 13, 16, 17, 18] :M is a Garside monoidif M is cancellative, admits
right and left lcm’s and admits aGarside elementdefined to be an element whose left and right divisors
coincide, generateM and are finite in number. The divisors of the minimal Garside element are called
simple elementsof M ; when equipped with lcm and gcd operations, the set of simple elements is a finite
lattice. Garside monoids embed into their groups of fractions, they admit nice normal forms, explicit
automatic structures, etc. Whether a given monoid presentation is that of a Garside monoid can be decided
using Dehornoy’s criterion of [10] : it consists in the verification of somecompletenessandcubeconditions
and of the existence of a Garside element.

Notation1. – In a (monoid) presentation,w1, . . . , wp being words, we write[w1, . . . , wp] for w1w2 =
w2w3 = . . . = wp−1wp = wpw1 (which is compatible with the commutator notation in a group presentation).

PROPOSITION1.1. – [2]The submonoidB∗(An−1) of the Artin-Tits braid groupB(An−1) generated
byats = (σt−1 · · ·σs+1)σs(σt−1 · · ·σs+1)−1 for n ≥ t > s ≥ 1 (where theσi’s are the generators for the
classical monoidB+(An−1)) admits the presentation

〈 ats : [ats, asr, atr] for t > s > r , [ats, arq] for (t−r)(t−q)(s−r)(s−q) > 0 〉; (1)

it is a Garside monoid, whose number of simple elements is then-th Catalan number (see Table 1).
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PROPOSITION1.2. – The submonoid ofB(I2(m)) generated byσ1 andσi = (
(i−1) terms︷ ︸︸ ︷
σ2σ1σ2 · · ·)(

(i−2) terms︷ ︸︸ ︷
σ2σ1σ2 · · ·)−1

for 2 ≤ i ≤ m (where theσi’s are the generators for the classical monoidB+(I2(m))) is presented
by 〈 σi : [σm, . . . , σ1] 〉; it is a Garside monoid, denoted byB∗(I2(m)).

Building on a new approach by Digne, Michel and himself in [4], Bessis defined in [3], extending the type A
case, adual braid monoidB∗(T ) for every finite Coxeter type T Artin-Tits groupB(T ) to be the Garside
monoid whose lattice of simple elements is the≺-divisibility lattice of a Coxeter element in the associated
Coxeter group, where≺ is defined with respect to the reflection length (a combinatorial proof of the lattice
property in the type D case has since been detailed in [5]).

2. Dual monoids for type B Artin-Tits braid groups

In this section, we establish analogues of Propositions 1.1 and 1.2 for type B. The classical monoidB+(Bn)
for the Artin-Tits braid groupB(Bn) admits the presentation

〈 τ1, σ1, . . . , σn−1 : σ1τ1σ1τ1 = τ1σ1τ1σ1 , σiσi+1σi = σi+1σiσi+1 , 1 ≤ i ≤ n− 2
σiσj = σjσi , 1 < i+ 1 < j < n , τ1σj = σjτ1 , 1 < j < n 〉. (2)

We shall use the well-known fact thatB(Bn) can be viewed as the subgroup ofB(An) of those braids
whose first strand is not braided. Let us introduce the followingn2 new generators :

αts = (σt−1σt−2 · · ·σs+1)σs(σt−1σt−2 · · ·σs+1)−1 for n ≥ t > s ≥ 1,

τ1 andτt = αt1τ1α
−1
t1 for n ≥ t > 1,

βts = τ−1
s αtsτs for n ≥ t > s ≥ 1.

(3)

Braid pictures for new generators are displayed in Figure 1 (a ribbon indicates some number of strands
moving in parallel, making some pictures easier to understand).

αts βtsτt

t t tss

Figure 1: Braid pictures for type B new generators.
Figure 1: Diagrammes de tresse pour les nouveaux géńerateurs de type B.

PROPOSITION2.1. – The dual braid monoidB∗(Bn) admits the presentation

〈 αts, βts, τt : [αts, τs, βts, τt] for t > s,

[αts, αsr, αtr] , [βts, αsr, βtr] , [αts, βsr, βtr] for t > s > r,

[αts, τr] , [τt, αsr] , [βtr, τs] for t > s > r,

[αts, αrq] , [αts, βrq] , [βts, αrq] , [αtq, αsr] , [βtq, αsr] , [βtq, βsr] for t > s > r > q 〉.

(4)

Let us mention that Corran obtained similar explicit presentations [8].

Proof . – We first show that the submonoid ofB(Bn) generated by the generators of (3) admits Presen-
tation (4), and then that this submonoid is a Garside monoid by using the criterion given in [10].

(i) The type B braid isotopies displayed in Figure 2 give on the one hand[αts, τs, βts, τt] for n ≥ t > s ≥
1 and on the other hand[βts, αsr, βtr] for t > s > r. All relations in (4) are obtained similarly. Conversely,
not so tedious computations prove that the relations of (2) are consequences of those of (4).
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(ii) The completion algorithm of [11] can be successfully applied to Presentation (4). We obtain :

βsrτsβtr = αtrαtsτr = βtsαsrτt = τtαsrαtr = τsβtsαsr = βtrτtαts = τsβtsαsr,

for t > s > r, and

αtqαtsαsrτq = βsrβtrαrqτs, βtsαsqαsrτt = βrqβtqαtsτr, αtrαrqαts = αsqαsrαtq,
αtrαtsβrq = βsqαsrβtq, βtrαrqβts = αsqαsrβtq, βtrαrqαts = βsqβsrβtq,

for t > s > r > q. Now, every relation in the complete presentation involves at most 4 distinct strands,
so, in order to prove local cube condition, hence, by homogeneity, global cube condition, it suffices to
check local cube condition of the complete presentation obtained forB∗(B5)—which is immediate with a
computer. Finally, we verify thatδ = αn,n−1 · · ·α2,1τ1 is a Garside element, whose image in the associated
Coxeter group is a Coxeter element. ¤
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Figure 2: Type B braid isotopies.
Figure 2: Isotopies de tresses de type B.

Remark1. – Another proof of Proposition 2.1(ii) is as follows. From [12, Theorems 9.2, 9.3 and 9.4],
we deduce that the monoidB∗(A2n−1)φ of elements fixed under the halfturn automorphismφ of B∗(A2n−1)
is a Garside monoid. If the atoms ofB∗(A2n−1) are denoted byats for 2n ≥ t > s ≥ 1 (see Prop. 1.1), the
atoms ofB∗(A2n−1)φ area(n+i)i, a(n+j+i−1)(n+i)a(j+i−1)i for n≥ i≥1 andn≥j≥2 (with indices taken
modulo2n andast = ats). Now, the map defined byτ1 7→ a(n+1)1 andα(i+1)i 7→ a(n+1+i)(n+i)a(i+1)i

extends to an isomorphism fromB∗(Bn) to B∗(A2n−1)φ.

3. Dual monoids for type D Artin-Tits braid groups

We now consider type D. The classical monoidB+(Dn) for the Artin-Tits braid groupB(Dn) admits the
presentation

〈 τ1, σ1, . . . , σn−1 : σ1τ1 = τ1σ1 , σ2τ1σ2 = τ1σ2τ1 , σiσi+1σi = σi+1σiσi+1 , 1 ≤ i ≤ n− 2
σiσj = σjσi , 1 < i+ 1 < j < n , τ1σj = σjτ1 , 2 < j < n 〉. (5)

Let us introduce the followingn(n− 1) new generators :

αts = (σt−1σt−2 · · ·σs+1)σs(σt−1σt−2 · · ·σs+1)−1 for n ≥ t > s ≥ 1,

βt1 = (σt−1σt−2 · · ·σ2)τ1(σt−1σt−2 · · ·σ2)−1 for n ≥ t > 1,

βts = α−1
s1 βt1αs1 for n ≥ t > s > 1.

(6)

We use the pictures for the type D braids introduced by Allcock in [1], see Figure 3.
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t t t tss

βtsβt1αt1 αts

2 2 2 2

Figure 3: Braid pictures for type D new generators.
Figure 3: Diagrammes de tresse pour les nouveaux géńerateurs de type D.

PROPOSITION3.1. – The dual braid monoidB∗(Dn) admits the presentation

〈 αts, βts : [αts, αsr, αtr] , [αts, βsr, βtr] for t > s > r,

[βts, αsr, βtr] , [βtr, αs1] , [βtr, βs1] for t > s > r > 1,
[βts, βt1, αs1] , [βts, αt1, βs1] for t > s > 1,
[αts, αrq] , [αts, βrq] , [αtq, αsr] , [βtq, αsr] for t > s > r > q,

[βts, αrq] [βtq, βsr] for t > s > r > q > 1,
[αt1, βt1] for t > 1 〉.

(7)

Proof . – (i) Applying the orbifold moveof [1], the type D braid isotopies displayed in Figure 4
give [βts, αt1, βs1] for t > s > 1. The rest of this part of the proof is as for Proposition 2.1.

(ii) As for the type B case, we have to complete Presentation (7), and the completion algorithm gives :

αtrαrqαts = αsqαsrαtq, αtrαtsβrq = βsqαsrβtq, βtsαtqαsr = βrqβtrβsq,

for t > s > r > q,

αtqαq1αtrαtsβq1 = βsrβs1αrqαs1βtq, βtrαrqβts = αsqαsrβtq, βtrαrqαts = βsqβsrβtq,

for t > s > r > q > 1,

αtrαr1αtsβr1 = βsrβs1αs1βtr, αt1αtsβr1 = βsrαs1βtr, βtsβt1αsrαt1 = αtrαr1αtsβr1,
βtsβt1αsr = αr1αs1βtr, βtsβt1αsrαt1 = βsrβs1αs1βtr, βt1αr1αts = βsrβs1βtr,

for t > s > r > 1, andαtsαs1βs1 = βtsβt1αt1 for t > s > 1. Now, every relation in the com-
plete presentation involves at most 4 distinct strands plus possibly the first strand, so, as in the type B
case, checking local cube condition of the complete presentation given forB∗(D6)—which is also im-
mediate with a computer—is sufficient to prove global cube condition forB∗(Dn) for everyn. Finally,
δ = αn,n−1 · · ·α2,1β2,1 is a Garside element, whose image in the Coxeter group is a Coxeter element.¤
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Figure 4: Type D braid isotopies.
Figure 4: Isotopies de tresses de type D.
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4. Combinatorics of the dual Garside structures

Birman, Ko & Lee showed in [2] that the simple elements of the dual braid monoidB∗(An−1) are in one-to-
one correspondence with the non-crossing partitions of the integern (see also [4]). An analogous approach
allows us to prove that the simple elements ofB∗(Bn) andB∗(Dn) are in bijection with the corresponding
Reiner’s non-crossing partitions of [20]. Table 1 gives the number of simple elements for the dual braid
monoids, gathering theoritical results for A, B, D and I2 types and computational results—using the package
CHEVIE of GAP [21]—for exceptional types (the computation for E8 first appeared in [3]).

type An Bn Dn H3 F4 H4 E6 E7 E8 I2(m)

classical (n+ 1)! 2nn! 2n−1n! 120 1152 14400 51840 2903040 696729600 2m

dual 1
n+2

(
2n+2
n+1

) (
2n
n

) (
2n
n

)
−
(

2n−2
n−1

)
32 105 280 833 4160 25080 m+ 2

Table 1: The number of simple elements in classical and dual braid monoids.
Table 1: Le nombre d’éléments simples dans les monoı̈des de tresses classiques et duaux.
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[15] F. A. Garside,The braid group and other groups, Quart. J. Math. Oxford20 (1969) 235–254.
[16] M. Picantin,The conjugacy problem in small Gaussian groups, Comm. in Algebra29-3(2001) 1021–1039.
[17] —, The center of thin Gaussian groups, J. of Algebra245-1(2001) 92–122.
[18] —, Petits groupes gaussiens, PhD Thesis, Université de Caen (2000).
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