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Abstract. Birman, Ko & Lee have introduced a new mondij—with an explicit presentation—
whose group of fractions is the-strand braid grougB,. Building on a new approach
by Digne, Michel and himself, Bessis has definatlal braid monoid for every finite Cox-
eter type Artin-Tits group extending the type A case. Here, we give an explicit presentation
for this dual braid monoid in the case of types B and D, and we study the combinatorics of
the underlying Garside structure). 2001 Aca@mie des sciencdsditions scientifiques et
médicales Elsevier SAS

Présentations pour les morides de tresses duaux

Résumé. Birman, Ko et Lee ont introduit un nouveau miseB;,—avec une @sentation explicite—
dont le groupe de fractions est le groufe des tressed n brins. Suivant une nouvelle
approche propase avec Digne et Michel, Bessis @éfiti un mon@e de tressedual pour
tout groupe d’Artin-Tits de type de Coxeter figirgralisant le cas du type A. Ici, nous don-
nons une pesentation explicite de ce made de tresses dual pour les groupes d’Artin-Tits
de type B et D, et noustudions la combinatoire des structures de Garside sous-jacentes.
© 2001 Aca@mie des sciencdsditions scientifiques et édicales Elsevier SAS

Version franc, aise abr égée

Birman, Ko & Lee introduisent dans [2] un nouveau migteopour les groupes de tresses (de type A) avec
une pésentation explicite. La question de possibleiggalisations se pose naturellement. Une bonne notion
pour I'étude de ces nouveaux mddes de tresses (mais aussi de nidae pour les groupes de tresses
des groupes deeflexions complexes, pour les groupes d’entrelacs, etc) est celle dédaad® Garside,
introduite par Dehornoy & Paris dans [12] et expdeidans [3, 4,7, 9, 10, 13, 16, 17, 18]:est unmondade

de Garsidesi M est un monie simplifiable, admet des ppcandroite eta gauche et admet wlément

de Garsidedéfini comme unélément dont les diviseurd droite eta gauche cimcident, engendrent/

et sont en nombre fini. Les diviseurs dél@ment de Garside minimal sont appeleséléments simples
de M ; muni des oprations ppcm et pgcd, I'ensemble @disments simples est un treillis fini. Les mddes

de Garside se plongent dans leurs groupes de fractions, ont de bonnes formes normales, des structures
automatiques explicites, etc. Le énié doni dans [10] permet deédider si une @rsentation de moiide

est celle d'un morigle de Garside : il consiste en larification de conditions deompEtudeet decubeet

de I'existence d'urélement de Garside.
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Dans une psentation (de moiide), siwy, . . . , w, sont des mots, no@rivons[w, . . . ,w,] pour la famille
de relationso,w, = wywy = ... = w,_,w, = w,w, (compatible avec le symbole du commutateur dans une
présentation de groupe).

Le principal ésultat de [2] peut &noncer comme suit : le sous-médeB*(A,,—1) du groupe de tresses
d’Artin-Tits B(A,,—1) engende par les tresses,s = (0¢—1 - 0s41)0s(0t—1 - 0s41)” " pourn >t >
s > 1 (ou leso; sont les grérateurs du moride classiqud*(A, 1)) admet la pesentation (1) : c’est un
mondde de Garside, dont le nombre de simples estieme nombre de Catalan (voir la table 1).

Suivant une nouvelle approche propesivec Digne & Michel dans [4], eregeralisant le cas du type A,
Bessis @éfinit dans [3] un mornide de tressedual B*(T") pour tout groupe d’Artin-TitdB(T") de type de
Coxeter fini T, commétantle mondde de Garside dont le treillis des simples est le treillis<adivisibilité
d’'un élement de Coxeter du groupe de Coxeter agsati < est ckfinie relativement la longueur en
réflexions (une preuve combinatoire de la prétérde treillis pour le type D a depuide dcetaillee dans [5]).

Nous montrons dans cette note que le nidaale tresses duB*(B,,) admet la pesentation (4), tandis
que le monide de tresses duB’(D,,) admet la pesentation (7). Les preuves consist@mhontrer que le
sous-monie du group@(B,,) (resp.B(D,,)) engende par les grérateurs éfinis par (3) (resp. par (6))
admet la pesentation (4) (resp. (7)) en utilisant les diagrammes de tresses des figures 1 et 2 (resp. 3 et 4), et
gue cette prsentation est celle d'un moide de Garside, dontdlement de Garside minimal a pour image
un élement de Coxeter dans le groupe de Coxeter associ

Une approche analoguecelle de Birman, Ko & Lee [2] permet de montrer que &&ments simples
deB¥(B,,) etB¥(D,,) sont en bijection avec les partitions non-céas correspondantes que Reingfirdt
dans [20]. La table 1 donne le nombree@ments simples pour les mddes de tresses duaux, rassem-
blant les esultats tkoriques pour les types A, B, D, &t des ésultats obtenus par le calcul—utilisant le
progiciel CHEVIE de GAP [21]—pour les types exceptionnels @gultat du calcul pour Eapparé déja
dans [3]).

1. Introduction

Birman, Ko & Lee introduced in [2] an alternative monoid for braid groups (of type A) together with an
explicit presentation of this monoid. The question of possible generalizations arises naturally. A good
notion for studying such new braid monoids (but also monoids for braid groups of complex reflection
groups, for link groups, etc) is that of a Garside monoid, introduced by Dehornoy & Paris in [12] and
further studied in [3, 4, 7, 9, 10, 13, 16, 17, 18\ is a Garside monoidf M is cancellative, admits

right and left Icm’s and admits @arside elemendlefined to be an element whose left and right divisors
coincide, generatd/ and are finite in number. The divisors of the minimal Garside element are called
simple elementsf M ; when equipped with lcm and gcd operations, the set of simple elements is a finite
lattice. Garside monoids embed into their groups of fractions, they admit nice normal forms, explicit
automatic structures, etc. Whether a given monoid presentation is that of a Garside monoid can be decided
using Dehornoy’s criterion of [10] : it consists in the verification of sarompletenesandcubeconditions

and of the existence of a Garside element.

Notation1. — In a (monoid) presentationy,, ... ,w, being words, we writ¢w,, ... ,w,] for ww, =
wus = ... = w,_,w, = ww, (Whichis compatible with the commutator notation in a group presentation).

ProOPOSITION1.1. — [2]The submonoi®B*(A,,—;) of the Artin-Tits braid grouB(A,,—1) generated
byais = (0p—1- - 0s41)0s(04—1-+-0s41) " fOrn >t > s > 1 (where ther;’s are the generators for the
classical monoid3*(A,,—1)) admits the presentation

<ats : [atmasraatr] fort >85> r, [at57arq] fOf (tir)(tfq)(sir)(sfq) > O >7 (1)

it is a Garside monoid, whose number of simple elements is-theCatalan number (see Table 1).
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(i—1) terms (i—2) terms
PROPOSITIONL.2. — The submonoid d8(/2(m)) generated by ando; = (620109 - - ) (020109 -+ *) !
for 2 < ¢ < m (where theo;’s are the generators for the classical mond&i(I»(m))) is presented
by(o; : [om,...,01]);itis a Garside monoid, denoted B (1> (m)).

Building on a new approach by Digne, Michel and himself in [4], Bessis defined in [3], extending the type A
case, aual braid monoidB*(T') for every finite Coxeter type T Artin-Tits grouB(T") to be the Garside
monoid whose lattice of simple elements is thalivisibility lattice of a Coxeter element in the associated
Coxeter group, where: is defined with respect to the reflection length (a combinatorial proof of the lattice
property in the type D case has since been detailed in [5]).

2. Dual monoids for type B Artin-Tits braid groups

In this section, we establish analogues of Propositions 1.1 and 1.2 for type B. The classical Bigiy;d
for the Artin-Tits braid grouB(B,,) admits the presentation

(T1,015e Oy 1 10T 0T = T1O\ T 0y, 0,0, 10; = 0;,10;0;,1, 1 <i<n—2

2

o, 1<i+l<j<n,mno;=0;7,1<j<n).

We shall use the well-known fact th&(B,,) can be viewed as the subgroupBfA,,) of those braids
whose first strand is not braided. Let us introduce the followihgew generators :
Ay = (04104 041)05(04_10_p---04y) " for n>t>s>1,
mandr, = a, ot for n>t>1, 3)

Bis = T3ty fOr m>t>s>1.

S

Braid pictures for new generators are displayed in Figure 1 (a ribbon indicates some number of strands
moving in parallel, making some pictures easier to understand).
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Figure 1: Braid pictures for type B new generators.
Figure 1: Diagrammes de tresse pour les nouveakrégateurs de type B.
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PROPOSITION2.1. — The dual braid monoi®*(B,,) admits the presentation

(s, Bis, T : [aus, Ts, Brs, 7] fort > s,
(s, Qsry ir] 5 [Bis, Qsr, Ber] 5 [Quts, Bsry Ber) fOrt > s>, (4)
[ats, Tr] s [Tes tsr]  [Bery 7] fOrt > s >,
[atss argl , [atss Brql 5 [Bes, gl s [igy @sr] 5 [Bigs sr] s [Brgs Bsr] fOrt > s >1>q).

Let us mention that Corran obtained similar explicit presentations [8].

Proof. — We first show that the submonoid Bf( B,,) generated by the generators of (3) admits Presen-
tation (4), and then that this submonoid is a Garside monoid by using the criterion given in [10].

(i) The type B braid isotopies displayed in Figure 2 give on the one handrs, B;s, 7] forn > ¢ > s >
1 and on the other han@;, a,, B;-] fort > s > r. All relations in (4) are obtained similarly. Conversely,
not so tedious computations prove that the relations of (2) are consequences of those of (4).
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(ii) The completion algorithm of [11] can be successfully applied to Presentation (4). We obtain :
ﬂsrTsﬁtr = atrats r = ﬁtsasth = Ttasratr = Tsﬂtsasr = ﬁtthats = Tsﬁtsasr’
fort > s> r,and

atqatsasrTq = Bsrﬁtraqus’ ﬂtsasqasth = ﬁrqﬂtqatsTrv atrarqats = asqasratq’
atratsﬁrq = ﬂsqasrﬂtqv /Btrarqﬂts = asqasrﬁtq’ 5trarqats = ﬂsqﬁsrﬂtqv

fort > s > r > g. Now, every relation in the complete presentation involves at most 4 distinct strands,
so, in order to prove local cube condition, hence, by homogeneity, global cube condition, it suffices to
check local cube condition of the complete presentation obtaineB*{d?; )—which is immediate with a
computer. Finally, we verify that = o, »,—1 - - - @2 171 iS a Garside element, whose image in the associated
Coxeter group is a Coxeter element. O

[

o L/

)

ATAE

[

Figure 2: Isotopies de tresses de type B.

Remarkl. — Another proof of Proposition 2.1(ii) is as follows. From [12, Theorems 9.2, 9.3 and 9.4],
we deduce that the monadlg( A,,, ;)¢ of elements fixed under the halfturn automorphisof B*(A,, 1)
is a Garside monoid. If the atomsBf(A,,, ) are denoted by, for 2n > ¢ > s > 1 (see Prop. 1.1), the
atoms ofB*(As,,,_1)? are A(nti)ir A(ntj+i—1)(nt4i)A(j+i—1)i fOrn>i>1andn > j>2 (with indices taken
modulo2n andas; = ass). Now, the map defined by — a(, 1)1 and a1y = Ang14i)(n4i)A(i+1)i
extends to an isomorphism fraBi(B,,) to B¥(Ag,,_1)?.

3. Dual monoids for type D Artin-Tits braid groups
We now consider type D. The classical mon@d D,,) for the Artin-Tits braid grou@B(D,,) admits the
presentation

(T4y01yeev Oy i 01T = T107 , O9T 09 = T{05T] , 0;0110; = 0;4,100,,11, 1 <i<n—2

o0, =00, 1<i+1<j<n,mno;=0;7,2<j<n).

®)

Let us introduce the following(n — 1) new generators :

-1
s = (041045 0441)0(04_104 504 1) for n>t>s2>1,
B = (0,104 9+ 09)T (04 104 o9+ 09) " for n>t>1, (6)

Bis = oy By for n>t>s>1.

We use the pictures for the type D braids introduced by Allcock in [1], see Figure 3.
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Qs

Figure 3: Braid pictures for type D new generators.
Figure 3: Diagrammes de tresse pour les nouveaepégateurs de type D.

PrROPOSITION3.1. — The dual braid monoi®*(D,,) admits the presentation

(s, Brs t [uts, Qsry ] 5 [uts, Bory Brr] fOr £ >8>,

(Btsy @srs Ber 5 [Bers 1], [Ber, Bar] fOr t > 5 >r > 1,
[Bes, Ber, ast] s [Bes, cut, Bs1] for t > s> 1, )
[ty Qrgl s [Qts, Brql s [Qtgs @sr] , [Brgs asr] TOr £>5>1 > ¢,
[Biss rql [Big: Bsr] fOr t>s>r>qg>1,

[

at176t1] fort>1 >

Proof. — (i) Applying the orbifold moveof [1], the type D braid isotopies displayed in Figure 4
give [Bis, at1, Bs1] for t > s > 1. The rest of this part of the proof is as for Proposition 2.1.
(i) As for the type B case, we have to complete Presentation (7), and the completion algorithm gives :

at’rarqats = asqasrattp atratsﬁrq = ﬁsqasrﬁtq’ ﬁtsatqasr = ﬁrqﬁtrﬁsw
fort >s>r>g,

atqaqlatratsﬁql = ﬁsrﬂslarqaslﬁtm ﬂtrarqﬁts = asqasrﬂtw ﬂtrarqats = ﬂsqﬁsrﬂtq’
fort >s>r>q>1,

atrarlatsﬁrl = ﬁsrﬁslaslﬁtr’ atlatsﬁrl = ﬁsraslﬁtﬂ ﬁtsﬁtlasratl = atrarlatsﬁrl’
ﬂtsﬂtlasr = arlaslﬁtﬂ 6tsﬁtlas7'at1 = ﬁsrﬁslaslﬂtﬂ Btlarlats = 637'/6515157"

fort > s >r > 1, anda, 040, = Bisfroy fOrt > s > 1. Now, every relation in the com-

plete presentation involves at most 4 distinct strands plus possibly the first strand, so, as in the type B
case, checking local cube condition of the complete presentation givaa*fé¥;)—which is also im-
mediate with a computer—is sufficient to prove global cube conditiorBfoD,,) for everyn. Finally,

0 = anpn_1---az,;102,1 is a Garside element, whose image in the Coxeter group is a Coxeter element.
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— )
/ B
< W \ifold
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Figure 4: Type D braid isotopies.
Figure 4: Isotopies de tresses de type D.
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4. Combinatorics of the dual Garside structures

Birman, Ko & Lee showed in [2] that the simple elements of the dual braid mdaid,,_) are in one-to-

one correspondence with the non-crossing patrtitions of the inte¢gere also [4]). An analogous approach
allows us to prove that the simple element®{B,,) andB*(D,,) are in bijection with the corresponding
Reiner's non-crossing partitions of [20]. Table 1 gives the number of simple elements for the dual braid
monoids, gathering theoritical results for A, B, D apdyipes and computational results—using the package
CHEVIE of GAP [21]—for exceptional types (the computation farfiEst appeared in [3]).

type An Bn Dn H3 F4 H4 E6 E7 Eg |2(m)
classical (n+1)! | 27n!l | 27°7lnl |120{1152|14400 |51840|2903040| 696729600 2m
dual | A5 | () | (B—(ro2) | 321 105 | 280 | 833 | 4160 | 25080 |m+2

Table 1: The number of simple elements in classical and dual braid monoids.
Table 1: Le nombre @&léments simples dans les médes de tresses classiques et duaux.
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